SOBOLEV ORTHOGONAL POLYNOMIALS DEFINED VIA 
GRADIENT ON THE UNIT BALL 



YUAN XU 



Abstract. An explicit family of polynomials on the unit ball B'* of R'' is 
constructed, so that it is an ortlionormal family with respect to the inner 
product 

(/, 9}=P [ V/(x) ■ Vg(x)dx + C{fg), 

where p > 0, V is the gradient, and C{fg) is either the inner product on the 
sphere S"^'^ or /(O)g(O). 



1. Introduction 

In a problem related to dwell time for polishing tools in fabricating optical sur- 
faces, it is important to control the gradient as it is related to mechanical accel- 
erations of the polishing machines ([3]). One then asks the question if there is a 
Parseval type relation for the square of the gradient. This problem leads us to the 
study of the Sobolev type orthogonal polynomials with respect to the inner product 
defined in terms of gradient on the unit ball, 

(1.1) (/,5>i:-p/ Vf{x)Vg{x)dx+ [ f {x)g{x)dLo{x), 

where p > 0, B"^ and S'^~'^ are the unit ball and the unit sphere of M.'^, respectively. 
Throughout this paper we write 

Our main concern is the gradient term, the second term is added to make the inner 
product well defined. Clearly we can add some other terms to the gradient part to 
make the inner product well defined. We consider another choice 

(1.2) (/, gh ■■=p f Vf{x)Vg{x)dx + /(0)5(0), 

where again p > 0. Our goal is to find a complete system of orthonormal polyno- 
mials with respect to these inner products and explore their properties. 

The orthogonal polynomials with respect to these inner products are called the 
Sobolev orthogonal polynomials. Although there are many papers in the literature 
dealing with Sobolev orthogonal polynomials of one variable (see, for example, [4] 
and the references therein), as far as we know [8j is the only paper that discusses 
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Sobolev orthogonal polynomials of several variables. The study in [8] starts from a 
question on the numerical solution of the nonlinear Poisson equation — Au = /(•, u) 
on the unit disk with zero boundary conditions (see |T]), which asks for an explicit 
orthogonal basis for the inner product defined by 

(1.3) {f,g)^:^if A[{l~\\xr)f{x)]A[{l-\\xr)g{x)]dx 

in the case of d = 2, where A is the usual Laplace operator. A family of explicit 
orthonormal basis is constructed in f5] , which we shall follow to construct the basis 
for the inner products (|l.ip and (|1.2p . Both the bases in [8] and those we shall 
construct in this paper depend on Jacobi polynomials. It is interesting to note 
that the basis for {f,g)i and the one for {f,g)^ have the same structure and their 
difference appears in the parameters of the Jacobi polynomials. 

The paper is organized as follow. In Section 2 we construct explicit orthonormal 
bases for the inner products (•, ■)-^ and (•, ■)^. An interesting consequence of the 
explicit formula shows that the orthogonal expansion of a function / with respect 
to these inner products can be computed without involving the derivatives of /, 
which and the Parseval type relation for the gradient of a function will be discussed 
in Section 3. 

2. Sobolev Orthogonal Polynomials 

The unit baU in R'^ is B'^ {x : \\x\\ < I}. Its surface is S'^'^ := {x : |ia;|| = 1}. 
Let dui denote the Lebesgue measure on S"*"-^ and denote the area of S"*"^ by cod, 

ujd ■■= [ duj = 27r'^/Vr(d/2). 

2.1. Background and Preliminary. Let 11'' — R[xi, . . . , Xd\ be the ring of poly- 
nomials in d variables and let 11^ denote the subspace of polynomials of total degree 
at most n. We consider the inner product defined on the polynomial space by 

(2.1) {f^g)^:=^ f Vf{x)Vg{x)dx + — f f{x)g(x)du;{x), 

J B'' ^d JS''-^ 

where A > 0, which is the same as (jl.ip up to a normalization; here it is normalized 
so that (1, l)i = 1. Similarly, we define 

(2.2) (/,g)j:^A/' Vf{x)Vgix)dx + f{0)giO), 

^d Jb'' 

which is the same as (|1.2|) up to a normalization chosen here so that (1, 1)-^ = 1. It is 
easy to see that both inner products are well defined and positive definite on 11''. Let 
(•, •) denote either one of these inner product. A polynomial P is orthogonal with 
respect to (•, •) if it is orthogonal to all polynomials of lower degrees with respect 
to (•,•). Denote by V''(I) and V'^(II) the spaces of orthogonal polynomials with 
respect to (/, and {f,g)-^, respectively. Let denote either one of these spaces. 
The general theory of orthogonal polynomials in several variables ([2]) shows that 
the dimension of is Note that the definition puts no restriction on 

polynomials of the same degree. A basis {Pa} of is called a mutually orthogonal 
basis if {Pa,Pf}) = whenever a ^ /9; it is called an orthonormal basis if, in 
addition, Pa is normalized so that {Pa, Pa) — 1 for all a. 
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We can also consider another inner product defined on the unit sphere S"^ ^ by 

(2.3) {f,g)^:=^[ ^f{y)^g(y)du;{y) + — [ f{y)g{y)dcu{y) 

LOd Jgd-1 dr dr ua J s^-i 

where A > and d/ dr denote the derivative in the radial direction. Here and in 
the following we use the spherical polar coordinates x = rx' for x G W^, r > 
and x' £ 5"^^^. If A = 0, then (•, ■) g becomes the usual inner product of i^(S"'~^), 
whose orthogonal polynomials are the spherical harmonics which we now describe. 

Let denote the space of homogeneous harmonic polynomials of degree n, 
which are homogeneous polynomials of degree n satisfying the equation AP = 0. 
It is well known that 

..„-(»--)-(--- 

The restriction of y e Ti,'^ on S'^^^ are the spherical harmonics. For Y e TC^ we 
use the notation Y{x) to denote the harmonic polynomials and use Y{x') to denote 
the spherical harmonics. Since K is a homogeneous polynomial, Y{x) = r^Y{x'). 
Spherical harmonics are orthogonal on S'^^^ . Throughout this paper, we use the 
notation {Y'J' '■ ^ <v < cr„} to denote an orthonormal basis for 7i,fj, that is, 

(2.4) — / i;"(a;')>7"(a:')'^w(a^') = 5^,u5n.rn, 1 < < ^n- 

In terms of the spherical polar coordinates, x = rx' , r > and x' £ S'^^^, the 
Laplace operator can be written as 

^ d-1 d 1 ^ 

(2.5) ^ = 7r^ + ^ + -^0, 

or^ r or r^ 

where Aq is the spherical Laplacian on S"^'-^. 

The Sobolev orthogonal polynomials with respect to the inner product {■,-)s 
defined at (|2.3p are in fact still spherical harmonics. In other words, the space of 
homogeneous polynomials orthogonal with respect to {■,-)s exactly TiJ^. More 
precisely, {VAn^ + lFJ* : 1 < < cr„} forms an orthonormal basis for the space 
of homogeneous orthogonal polynomials with respect to This follows easily 

from the fact that -£:Yj^ {x)\r=i = nY^{x') as YJ^ is a homogeneous polynomial of 
degree n. 

It turns out that the Sobolev orthogonal polynomials on the ball have structures 
similar to those of ordinary orthogonal polynomials. Let us consider the inner 
product 

(/,5)m := Cm / f{x)g{x)W^ix)dx, W^{x) = (1 - ||.t||2)A', 

where /i > — 1 and is the normalization constant of W^j,. Let V^(W^) denote the 
space of orthogonal polynomials of degree n. Then a mutually orthogonal basis for 
V„(W^) is given by ( 2 ) 

(2.6) P;^jW^;x)^P^''-''-''^'^\2\\xf-l)Yr^^{x), < j < n/2, 

where pj-"''^-' denotes the Jacobi polynomial of degree j, which is orthogonal with 
respect to (1— a;)"(l+a;)'^ on [—1, 1], and {YJ'"^-' : 1 < J < o'n-2j} is an orthonormal 
basis for 'Hn-2j- 
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In j8] we found a family of Sobolev polynomials with respect to (•, ■) ^ in the form 
of (12. 6p . More precisely, let V^(A) denote the space of orthonormal polynomials of 
degree n with respect to the inner product in (|1.3p . then we proved the following 
result. 

Theorem 2.1. A mutually orthogonal basis {Q"^ :0<j< f,l<J^< an-2j}for 
V,f(A) is given by 

^^■^^ QU^) = (1 - ||x|p)p,(!'r'^'+^\2||x|p - i<j<^, 

where {Y^^^^ : 1 < < cr„_2j} is an orthonormal basis o/7i^_2j - Furthermore, 

(2.8) (Q^,„ qjj^Ja = (q;^., q;^>a = ^■^( • 

Remark 2.1. A corollary of the theorem shows V^(A) = H^© (1 - \\x\\'^)Vf^_2{W2) ■ 
In fact, Qj,,y{x) in (|2.7p for j > 1 can be written as 

(2.9) QlA^) = {l-\\xf)P-~,liW2;x), 1<J<^- 

The proof of this result relics on the action of A on (5j>. More generally, let 

(2.10) R^^^ix) q,i2\\x\\' - l)Yr^'ix), < 2j < n, Y^^^ e T^^^,, 

where qj is a polynomial of degree j in one variable; then the following lemma holds 
(see [8', Lemma 2.1]). 

Lemma 2.2. Let i?"^ be defined as above. Then 

A [(1 - \\xr)RlAx)] = 4 iJpq,) {2r^ - l)Yr''{x), 

where (3 = n — 2j + and 

{Jf>Qj)is) = (1 - s2)gy(s) + (/3 - 1 - (/3 + 3)s)g^.(s) - (/3 + l)g,(s). 

2.2. Sobolev orthogonal polynomials vi^ith respect to (•, The main result 
in this subsection is a family of mutually orthogonal basis for the inner product in 

(EU). 



Theorem 2.3. A mutually orthogonal basis {U^^, :0<j<^,l<i^< (T„_2j} for 
V,f (I) is given by 

^'■''^ ui^ix) = (1 - \\xr)p\':r"'^'^\nA? - mr'\^\ ^^^^l^ 

where {Y^^^^ : 1 < < o'n-2j} is an orthonormal basis ofTif^_2j- Furthermore, 

(2.12) (c/o"„ ui,)i = nx + 1, c/;;ji = ^^a. 

Proof. A standard argument as in the case for P"\, shows that {Uj'^ : < < 
n/2, 1 < fJ, < <Jn-i} is a basis for IIJ^. In order to establish the orthogonality we 
start with Green's identity, 

/ Vf{x)Vg{x)dx = / f{x)-^g{x)duj - f fix)Ag{x)dx, 
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where d/ dr is the normal derivative which coincides with the derivative in the radial 
direction. This identity can be used to rewrite the inner product (•, as 



(2.13) = f{x) 



did / f{x)Ag{x)dx. 



First we consider the case j = 0; that is, the orthogonality of Uq ,, — . Set- 
ting j = in (|2.6p shows that FJ* is an orthogonal polynomial in V^(W^,). Since 

UlAx)\r=i = 0, ±Ul,{x)\r=i - -2P]l'r'-''+^\l) and Ai7™ € it follows 

from (|2.13|) that for m < n, j > and < < crm-2j, 



Furthermore, using the fact that -^Y^{x)\r=i = nYj^{x'), the same consideration 
shows that 



(f^a.,t^o".>i = (An + l) 



1 



[i;"(a;')] = An + 1. 



Next we consider Uj'^ for > 1. In this case Uj,i,{x)\r=i = since it contains the 
factor (1 — ||a;|P), which is zero on S"^^^. Consequently, the first term in 



t/;:,(a;)A[/™(x)dx 



{x')duj{x') 



is zero. For the second term, we use Lemma [221 to derive a formula for AC/"j^. The 
formula in the lemma gives 



d-2 



On the other hand, the Jacobi polynomial Pj'l'f satisfies the differential equation 

m p- 60]) 

(1 - s^)y" - (1 - /3 + (3 + (i)s)y' + U + P + - 0, 



which imphes that ( J'/jP-lf ^)(s) = -jU + /3)P)if ^(s). Consequently, we obtain 



(2.14) 



AUJ^^.ix) = - 4j(j + /3)P,<lf (2r2 - l)Yr^\x) 
= - 4j(n-j + ^)P"_t,(W^i;x). 



Hence, using the fact that UJ'^^ix) = (1 - \\x\\^)Pl^^^^{Wi; x) (see ([236]) below), we 
derive from (|2.14p that 



Ur(x)AUUx)dx 



= -4j(n- J + ^) / P;^-'^{W,;x)P-S,UW,;x)il - \\xr)dx 

J B'^ 

= -3 + ^) I [P^I^AWl-.x)] ' (1 - \\xf)dx 6n.nSj,lS,,, 

J B'' 
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The norm of Pj^y(M^^;a;) in L'^{B'^,W^) can be computed as in ^ p. 39], where 
the weight function is normahzed. The result is 

Putting these pieces together proves (|2.12p for j > 1 and the theorem. □ 

From the exphcit formula of the basis (|2.1ip it follows that J7"^ is related to 
orthogonal polynomials with respect to Wi{x) = 1 — ||a;||. In fact, we have 

(2.16) U-Jx) = (1 - \\xr)P-Stix), J > 1, 

which has already been used in the above proof. An immediate consequence is the 
following corollary. 

Corollary 2.4. For n > 1, 

Vnil)^K®{l-\\x\\)Vt2iWl). 

Remark 2.2. It is interesting to compare this relation to the analogous relation 
between Q"^ S V,'J(A) and orthogonal polynomials with respect to W2{x) given in 
(EH). See Remark O 

It is known that polynomials in V^(VFi) are eigenfunctions of a second order 
differential operator (cf. [5]), more precisely, 

VP := (^A- {x,Vf - {d+l){x,V)^ P = ^{n + d){n + 2)P 

for P E V^{Wi). Using the relation (|2.14p . the following result is immediate. 

Corollary 2.5. Polynomials in V^(I) satisfy the differential equation 

[V+{n + d){n + 2)]AP = 0. 

2.3. Sobolev orthogonal polynomials with respect to i-,-)-^- We turn our 
attention to the inner product in (j2.2p . Again our main result is an explicit family 
of mutually orthogonal basis. The basis that we will give for V^(ll) turns out to be 
similar to the basis for V^(I) given in (j2.11|) . In fact, for n is odd, the two bases 
are identical, whereas for n is even, the two bases differ by just one element. We 
will need a result on Sobolev orthogonal polynomials of one variable with respect 
to the inner product 

{f,g) ■.= 2^-^l^\ l'j'{s)g'{s){l + sr/'ds + f{-l)g{-l). 

Let us denote by qk the fc-th orthogonal polynomial of one variable with respect to 
the above inner product. It is easy to see (cf. [5j) that 

qo{x)^l, qk{x) ^ J ^Plyf\t)dt, k>l, 

is an orthogonal basis with respect to (•, •). The Jacobi polynomials P^; ' ^ (x) 
are well defined for fc > 1 and we have the relation fS', (4.5.5), p. 72] 
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from which we immediately deduce that 

(2.17) = ^-A^ (Pt'^'^'ix) - (-1)^-^) , fc > 1, 

where (a)j. = a{a + 1) . . . (a + fc — 1) is the shifted factorial and we have used the 
fact that P^~^''^^(-l) = {-l)''{(3 + l)k/kl. 

Theorem 2.6. A mutually orthogonal basis {VJ^^^ :0<j<^,l<zy< a„_2j"} for 
V^(]I) is given by 

(2.18) 1 /.(-i,^).„„ „2 . ..^(rf/2) 



Vl{x) = —-r^ I p(-^^^\2||x|p - 1) - (-l)t 



, ^ \ - ' " " ^ ^ ^ („/2)! 

where VT(x) := VTj^(x) /loZds on^y when n is even. Furthermore, 

(v^.v^h = ((/;„. [/;„),. !<.)■< L^fij , 

Proof. First we note that, for n even, there is only one element in VS ^, which is 
why we drop the v in the notation. For I < j < {n — l)/2, the explicit expression 
of the polynomials Uj.i, at (12.1111 shows that 

vj:,{x)vr,{x)duj = = v;^(o)y,™(o) 

for < Z < m/2 and m < n, where the left hand side is zero because the presence 
of (1 — ||a;|P), whereas the right hand side is zero because Y"^"^^ {0} — for j < n/2. 
Thus, {VJ^^, V{^)n = (C/j^^, t/j™ )i for < Z < m/2 and m < n. Hence, we only need 
to consider the orthogonality of VT- 

First assume that 2j ^ m. By Green's formula and (|2.14p . 

{VI VJ:1)^ = Vimj^jO) + XVIil)- f ^VJZ{x)du; 

The first term is zero as before. The second term is zero by the orthogonality of 
since ^ V," (a;)|r=i = cY^-'^^{x') and m - 2j ^ 0. The third term is also 
zero, since Vn is a radial function so that we can use the formula 

2 

g{x)dx = / g{rx')duj{x')r'^^^ dr 
Jo Js-i-^ 

and the orthogonality of Y^''^'^^ . Next we consider the case of to 2j. By definition, 
VT = (2||x||2 - 1) wfth given in (PT7|) . We use the fact that for /, 5 : M i-> M, 

Vf{2\\xf ~ mgi2\\xf - 1) = 16||x|| Y(2|kf - l)ff'(2||xf - 1), 
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and the definition of (•, ■)-^ in (|2.2p to conclude that 

(V|,l^f >n = 16X j\''+\L{2r' - l)q'^{2r' - l)dr + q^{~l)q^{~l) 

= 2'-''/'\ J'^ g'„ {t)qL m + ifl^dt + (-l)g^ (-1), 

which is zero whenever m 7^ n by the definition of g^. In the case of n = m > 1, 
we have 

J — 1 ^ ~i 2 

using the well-lcnown norm of the Jacobi polynomials ([6", p. 68]). □ 

3. Expansions in Sobolev Orthogonal Polynomials 

Let be the space of orthogonal polynomials of degree n with respect to an 
inner product (•, •). Let H^{B'^) denote the space of functions for which (/, /) is 
finite. In the case of V^(W^) with respect to (•, •)^, the space is just W^). 
In the case of either or (•, the presence of the derivative in the definition 
of the inner product shows that H^{B'^) is not the space on i?''. Nevertheless , 
the standard Hilbert space theory shows that every / e H^{B'^) can be expanded 
into a series in Sobolev orthogonal polynomials. Thus, in all these cases we have 

oc 00 

HHB^) = ^ eV^ / = ^ projy. /, 

n=0 n=0 

where projyd : H^{B'^) t-^ is the projection operator. Let {P"^} denote a 
mutually orthogonal basis for V,^, such as one of the bases p.6p . (j2.11|) or (|2.18|) . 
The projection operator satisfies 

(3.1) projv./(x)= H ^i-M^l-PU^)^ f"u^{f,Pr,u)v 

0<j<n/2 iy=0 

where Hj ^, = {P"^, PJ^^,)i. Let Pn{x,y) denote the reproducing kernel of V^. In 
terms of the orthonormal basis, the reproducing kernel can be written as 

0<j<n/2 !^ 

The projection operator can be written as an integral operator with •) as its 
kernel, which means that 

projy^ / = (/,P„(x, •)). 

To distinguish between various inner products, we shall use the notation such as 
projv''(Wf,) / projydj-j-) / to denote the corresponding projection operator. 

We consider the inner product (•, •)j first. In this case, we denote the reproducing 
kernel by •) and we have 

Projy^d) /(x) = — / Vf{y)VPl{x,v)dy + — [ f{y)Pl{x,y)du{y), 

where V is applied on y variable. Note also that Hj^ — Hj since they are indepen- 
dent of v as shown in p.l2p . 
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Our first result shows that the orthogonal expansion can be computed without 
involving derivatives of /. Recall that {yj'jiy denotes an orthonormal basis for Tif^. 
We denote the Fourier coefficients of / G L'^{S'^~^) with respect to this basis of 
spherical harmonics by 

{f,Yl^)L.^s^-^) ■■= — I Y::{y')f{y')My')- 

Furthermore, recall that P"^(Wp) given in p.6p forms a mutually orthogonal basis 
for Vi{W^). 

Proposition 3.1. The Fourier coejjicients for (•, •)j satisfy, 

(3.2) /o:. = (An + l)(/,i;")^.(S.-,), 
and for j > 0, 

(3.3) ]f^,= -2jX{f,Yr'')msd-^) 

— I f{y)P';ilMi;y)dy. 



■ d~2 



2 

Proof. From Green's identity we immediately obtain that 

diij. 



if, = - — / fix)AUl,{x)dx + — f fix) 

^d Jb^ ^d Jsd-i 

Using the explicit formula of [/"^^ at (|2.1ip and the fact that YJ"^ is a homogeneous 
polynomial of degree n, it is easy to see that 



d 
dr 



d 



where we have used the fact that Pji'f^(l) = j- Furthermore, UQ j^{x)\r=i = Y"{x') 
and U^^^{x)\r=i = for j > 1. Thus, 

fo.. = if, U'SJi = (An + 1)— / f{y)Y;^{y)duj 

using the fact that AY" ~ 0. For j > I, the stated result follows from the relations 
derived above, equations (|2.16p and (|2.14p . □ 

Let us denote by a;, y) the reproducing kernel of V^{Wfj.), which can be 

written as 

Pn{W,;x,y)^ J2 A-^^P4W^;x)Pc.iW,;y), 

\a\—n 

where Aa.jj. — J^a[Pa{Wf_i; y)]'^W^{y)dy in which is the normalization of Wf_i. 
A compact formula for this kernel can be found in [7]. We also denote the projection 
operator of f € L^(S"*~^) onto by Ynf. It is well known that 

n+M 1 



2 



Ynfix) = Wxr—r^ / f{y)Cn^ {x' ■ y)duj(y), 



for X G B'^ and x' — x/\\x\\ £ S'^ ^ , where C^{t) denote the Gegenbauer polynomial 
of degree n and x ■ y is the usual dot product of x, y G M''. 
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Theorem 3.2. For J G H'^{B'^) and x E B'^ 



f{y)Pn-2iWi;x,y)dy 



l<j<n/2 

Proo/. The values of = {U^]^, C/J|^)i are given in ((TT^ . from which and (1X21) it 
follows that 

where the last step follows from the summation formula of spherical harmonics, 
(3.4) Y.^-{x)Y-{y) = \\xrY.Y-{x')Y-{y) = ||:r||"^^C„-^ (a;' • y) 

for x',y E S'^-^. For j > 1, it follows from and ((TT2| that 



+ 2 ( n + ^ ) ( n - J + ^ ) j-i— / f(y)Pl^ll^{W^-y)dy, 



d-2\ ( . . d-2\ 1 

Hence, by the formula of [/"^ at (|2.1ip and p.l6p as well as the identity p.4p . we 
obtain that 



projv^(i) /(a;) =y„/(x) 

^ l<j<n/2 

+ 2(n+^)(i-iixf) E E("-^- + ^)r^ 

^ ' l<j<n/2 I' ^ ^ 

X — / !{y)P^zl^{Wv.y)dyP^ll,{Wv.x). 

From (|2.15p and the fact that the normalization constant of the weight function Wi 
on B*^ is given by d{d/2 + we obtain the norm of PjI^^iWi) in L'^{B'^; Wi), 

from which the stated result follows from the definition of the reproducing kernel 
oiV^{Wi). □ 



Despite the presence of Pn-2{Wi]x,y), we note that the corresponding integral 
in projyd(-i-) is not the projection of / on Vf^{Wi) since the weight function Wi is 
not in the integral. 

It follows from Theorem 13.21 that the orthogonal expansion of / with respect to 
(•, •)! coincides with the spherical harmonic expansion of / when restricted on 5"*^^. 
More precisely, we have 

projv,<j(i) f{x) ^ Ynf{x), X e 5"*-^ 

It is worthwhile to mention that such a result also holds for the projection operator 
with respect to {■,-)a (0)- More interesting, however, is the following result: 
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Corollary 3.3. If /(x) = (1 - \\x\\^)g{x) G H^{B'^), then 



(3.5) 



Proof. This follows from the fact that f{x) = 1 on the sphere, so that Yn-2jf = 
for < J < n/2, and the fact that 



Projv^(Wi).9(a;) 



d(f + 1) 



.g(y)P„_2W;x,y)(l-||y||2)dy, 



since d{d/2 + l)/ujd is the normalization constant of Wi{y) = (1 — ||j/||^) on B'^. □ 

Recall that we start with the problem of finding a Parseval relation for the 
gradient of a function. Since the Parseval identity holds in H^, it follows readily 
from Proposition 13. II and p.l2p that 



If J 0"„_2 



lif.u. 



If J 0"„_2 



EEE 



I f 



(Tjn Tin \ A^ A^ A^ iTjn Tjn \ 

n=0 j=0 v=l ^ J:'" i:"'! n=0 j=0 v=l ^ J.^" J:"' 

OO (Tn 2 OO Lf 1 

n— i/— 1 n— j — 1 



2 



E 



{f,Yr^') 



L2(S<i~i) 



n - j + 



d-2 



{f,p'aM)) 



where 



Recall the definition of (•, •)j at (|2.ip . Dividing the above equation by A and taking 
the limit A — *■ cxd, we end up with the following result: 



Corollary 3.4. For f G we have 

1 

^d Jb'' 



■ / \Wf{x)\'dx = Y,nY,\{f,Y: 



2E 



d-2 



xEE 



{f,Yr'') 



- h^- J + 



d-2 



{f,pr-i,M)LHB^) 



This is the Parseval type relation for the gradient of / on B''. The multiplier n 
and 2n + d shows the impact of the derivative in the right hand side. In fact, it is 
well known that 



1 



|/(.T)|2dc^(x) = ^^|(/,r- 



r!=0 1^=1 

Because of the relation (I3.5P between proj-ydj-j) / and projydj-^y^-) .g for f{x) = 
(1 — we can expect a relation between the Fourier coefficients of / and 

those of g. Let us denote the Fourier coefficients of g in L^{B'^, Wi) by 

{?;VVi:=— / g{y)P;:AW,,y)il-\\yf)dy. 

L^d JB-i 



12 



YUAN XU 



Corollary 3.5. For f{x) = (1 — ||.i;|p5(a;) G we have 

-L / I v/(.)r 2 f („ + i^) g °f {n-, + i^)' [(5;. " . 

We can also consider the orthogonal expansions with respect to (•, ■)^. However, 
since the orthogonal polynomials V^"^ in 12.181 differ from U^^, in only one element 
when n is even, there is little left to be done. Using the fact that Vn{Q) — 0, 
Green's formula shows that 

(/,n'>n = / f{y)du{y) + - f /(x)AF|(x)dx, 

^ JS''-^ ^d Jb'' 

where we have used the fact that -£:VS{x)\r=i = 4. Since VS{x) = q^(2|lx|p - 1) 
is a radial function, one can compute AV^{x) by (|2.5p . We note, in passing, that 
the relation such as ()3.5p no long holds for projydj-j) /. Furthermore, since the 
Parseval type relation in Corollary 13.41 is obtained by dividing A and then taking 
limit A — !■ oo, and limA-»oo {1^9)1/^ = hm^^^oo {fig)ji/^, the orthogonal expansion 
for (•, will lead to exactly the same Parseval relation as the one in Corollarv l3.4l 
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